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Abstract

The inverse protein folding problem is that of designing
an amino acid sequence which has a particular native pro-
tein fold. This problem arises in drug design where a partic-
ular structure is necessary to ensure proper protein-protein
interactions. In this paper we show that in the 2D HP model
of Dill it is possible to solve this problem for a broad class of
structures. These structures can be used to closely approx-
imate any given structure. One of the most important prop-
erties of a good protein is its stability — the aptitude not to
fold simultanously into other structures. We show that for
a number of basic structures, our sequences have a unique
fold.

Keywords: inverse protein folding, HP model, protein
stability, protein design.

1. Introduction

It has long been known that protein interactions depend
on their native three-dimensional fold and understanding
the processes and determining these folds is a long stand-
ing problem in molecular biology. Naturally occurring pro-
teins fold so as to minimize total free energy. However, it
is not known how a protein can choose the minimum en-
ergy fold amongst all possible folds [7].

Many forces act on the protein which contribute to
changes in free energy including hydrogen bonding, van
der Waals interactions, intrinsic propensities, ion pair-
ing, and hydrophobic interaction. Of these, the most
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significant is hydrophobic interaction (see [6] for de-
tails). This led Dill to introduce the Hydrophobic-Polar
Model [5]. Here the 20 amino acids from which pro-
teins are formed are replaced by two monomers: hydropho-
bic (H) or polar (P) depending on their affinity to water.
To simply the problem, the protein is laid out on a 2D spa-
tial lattice with each monomer occupying exactly one
square and neighboring monomers occupy neighbor-
ing squares. The free energy is minimized when the max-
imum number of non-neighbor hydrophobic monomers
are adjacent in the lattice. Therefore, the “native” confor-
mations are those with the maximum number of such HH
contacts, also called bonds.

Even though the hydrophobic-polar model is the sim-
plest model of the protein folding process, computationally
it is NP-hard, cf. [4] for two- and [3] for three-dimensional
square lattices. Interestingly, in the first case the result is
deduced from the NP-completeness of the Hamilton cycle
problem for special planar graphs, while in the second case
the result follows from the NP-completeness of the modi-
fied bin packing problem. The problem is still open for other
types of lattices, namely triangular and diamond lattices.
Research has focused on approximations for this model. A
linear time algorithm with approximation factor 3/8 for 3D
square lattice can be found in [9], and linear time algorithms
with approximation factors 6/11 and 3/5 for 2D and 3D tri-
angular lattices, respectively, have been developed in [1].

In many applications such as drug design, we are actually
interested in the complement problem to protein folding:
protein design. Current protein designs often focus on lo-
cal interactions such as intrinsic propensities of amino acids
to form helices and turns [11, 2]. However, major forces of
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folding are due to hydrophobic and other non-local interac-
tions [6]. To compensate for this unbalance, the existing de-
signs work on selected small group of very stable protein
motifs altering only some parts of the sequence appearing
at the surface of the fold. For instance, due to its simplic-
ity and regularity, the most extensively studied protein mo-
tif is the “coiled coil”: alpha-helices wrapping around each
other [13].

The more general inverse protein folding problem in-
volves starting with an arbitrary target native fold and de-
signing an amino acid sequence whose native fold is the tar-
get. As this problem is more complex the current research
concentrates only on a simple HP model. Early work on this
problem involved heuristics that bury the H monomers in a
central core with the P monomers on the outside [10], find
all possible short sequences and put these together [14], per-
form a sequence evolution, a form of local search [12]. A
relationship between symmetries and designability of pro-
teins was observed in [15]. On the other hand, it was shown
in [8] that this version of inverse protein folding problem in
the 2D HP model is NP-complete.

In this paper we will consider another modification of
the inverse protein folding problem in the HP model. We
will assume that a target structure (a connected set of lat-
tice sites) is given, and the goal is to find a protein whose
native fold occupies all and only the sites of the target struc-
ture (a compatible fold). Note that it is easy to choose tar-
gets for which there is no compatible fold. We show that it
is possible to closely approximate any given structure in 2D
and find a protein with a native fold compatible with this ap-
proximation. We will work on a refinement of this lattice in
which each square is divided into 9 squares (i.e., a 3 x 3 re-
finement of the original lattice). Now almost all of these 9
squares must be occupied by the protein. We call our struc-
tures approximating any given structure in the original lat-
tice constructible structures.

A major challenge in designing proteins that attain a spe-
cific native fold is to avoid proteins that have multiple na-
tive folds. We say that a protein is stable if the minimum
free energy fold is unique. It is generally believed that all
naturally occurring proteins are stable, however this is usu-
ally not true for arbitrary protein sequences. An extreme ex-
ample are proteins containing only polar monomers in the
HP model. In this case, every fold achieves lowest free en-
ergy. We note that the proteins used to prove NP-hardness
of the protein folding problem are not stable.

For a number of basic structures, we give a formal proof
that our proteins are stable in the HP model. Note that we
are not aware of any other results explicitly showing stabil-
ity of a infinite class of proteins (in [12] a heuristic method
generating stable proteins was proposed, however this is
only supported by computer testing). Based on our results
and on an extensive computer search, we conjecture that our

proteins for all constructible structures are stable.

2. Preliminaries
2.1. Hydrophobic-polar model

In this section we will formally define the hydrophobic-
polar model. We will restrict our attention to the two-
dimensional square lattice.

Proteins are chains of monomers where each monomer
is either hydrophobic, i.e., non-polar, or hydrophilic, i.e.,
polar. We can represent a protein chain as a binary string
p = pip2...pjp in {0,1}*, where “0” represents a polar
monomer and “1” a non-polar monomer. In our figures, “0”
will be depicted as “0” and “1” as “m”.

Let us consider a tiling of R? with unit squares. Obvi-
ously, such a tiling can be represented by a two-dimensional
square lattice L where the vertices (squares of the tiling)
are represented as ordered pairs, and two vertices are ad-
jacent if and only if the corresponding squares share a
side. More formally, L is a graph with vertex set V' =
{[a,b]; a,b € Z} and edge set E = {{[a,b],[a + ¢,b +
d)};a,b € Zand (¢,d) = (0,1),(1,0)}. The squares ad-
jacent to [a,b] € V are called neighbors of [a, b]. In par-
ticular, [a, b + 1] is the northern, [a + 1,] is the eastern,
[a, b — 1] is the southern and [a — 1, b] is the western neigh-
bor of [a, b].

Next we define a conformation of a protein as a self-
avoiding walk in the lattice and a fold as a placement of
monomers into the lattice. More formally:

Definition 1 (Conformationsand folds). For every n > 2,
a path ¢ = (c¢1,¢2,...,¢,) in L is called a conformation
of length n. An edge e = {s1,s2} of ¢, i.e., e € E(c), is
called a c-edge, and we say that the squares s; and s9 are c-
connected, or that they are c-neighbors. A fold F, . of a pro-
tein p € {0, 1}™ with respect to a conformation c of length
n is a partial mapping F, . : V — {0, 1} such that for ev-
eryk=1,...,n, F,c(ck) = px. If no confusion can arise,
we will retain the phrase “u € V' is an a-square” for the fact
that F}, .(u) = a. The squares ¢; and ¢,, are called termi-
nals; in pictures these are marked with a cross. Denote the
set of all 1-squares as 1, ., and the graph induced by these
vertices by L[1, ].

A protein will fold into a conformation with minimum
free energy. In the HP model only hydrophobic interactions
between adjacent hydrophobic monomers (which are not
consecutive in the protein) contribute to the score. Hence,
a conformation with the lowest free energy corresponds to
a conformation with the highest score, that is the conforma-
tion with the largest number of H-H bonds.

Definition 2 (Bonds and score). For every fold F), ., a
bond of F), . is an edge {u, v} of L such that v and v are
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1-squares, and they are not consecutive in ¢, i.e., a bond is
anedgein L[1, .] — E(c). The score of a fold F), ., denoted
by score(F}, ), is the number of bonds in F}, ..

The conformations with the highest score (correspond-
ing to the lowest free energy) are called native conforma-
tions. Formally,

Definition 3 (Native confor mations). A conformation ¢ of
length |p| is native for protein p if for any other conforma-
tion ¢’ of length |p|, score(Fy ) > score(Fp ). The fold
of p with respect to a native conformation is called a na-
tive fold.

Note that there might be several native conformations for
p. The set of all native conformations is denoted by C(p).
From a biological point of view, the proteins having a sin-
gle native conformation are more likely to stay in the same
state without changing their structure.

Definition 4 (Stable proteins). A protein p is stable if it
has exactly one native conformation, i.e., if |C(p)| = 1.

The proteins we are going to describe have a special
property. The score of their native conformations is the
maximal possible score with respect to the number of hy-
drophobic “1” monomers contained in the protein. The fol-
lowing useful observation characterizes native conforma-
tions of such proteins.

Observation 1 (Saturated folds). Let p € 0{0,1}*0 be a
protein, and F' be the fold of p with respect to a conforma-
tion c. If for every 1-square s, two out of four edges inci-
dent with s are bonds then c is a native conformation for p.
We will call the fold F' a saturated fold.

Furthermore, if there exists a conformation ¢ such that
the fold of p with respect to ¢ is saturated, then for any na-
tive conformation ¢’ of p, its fold is also saturated.

Note that the fold F* of p with respect to c is saturated if
and only if the graph L[1,, ;] — E(c) is a 2-factor of L, i.e.,
every connected component is a cycle, called a 1-cycle. All
edges of such a 1-cycle are bonds.

The proof of the observation follows by a simple argu-
ment that any 1-square s has at most two bonds. Note that
not every protein has a saturated fold. For instance the nec-
essary condition for protein p to have a saturated fold is that
p contains an even number of hydrophobic “1” monomers.

2.2. Constructible structures and their proteins

In this section we define a wide class of structures which
can be used to approximate any given shape, called con-
structible structures. Next, to each constructible structure
we assign a protein which has a native conformation ex-
actly filling the constructible structure. We conjecture that
such proteins are stable, cf. the next section.

-
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Figure 1. lllustration of: (a) the starting tile
(left) and the regular tile (right); (b) a con-
structible structure; (c) the protein associ-
ated with a constructible structure S: p(S) =
01001001010010010100100100101010.

Definition 5 (Constructible structures). We have two
tiles, depicted in Figure 1(a), a starting tile in the shape
of “+7, and a regular tile in the shape of “". Both tiles
have three ligands, depicted with black lines, and in addi-
tion, the regular tile has one receptor, depicted with a gray
line. A constructible structure is a partial tiling of the two-
dimensional grid L obtained by the following procedure:

1. Place the starting tile into the grid.

2. Place a regular tile into the grid so that its receptor is
attached to a ligand of a tile already in the grid and it
does not overlap with any other tile.

3. Continue with step 2., or end the procedure.

An example of a constructible structure is shown in Fig-
ure 1(c). Let V(S) C V be the set of squares covered
by tiles of S. A conformation ¢ is compatible with S, if
V(c) = V(5). Similarly, a fold F' is compatible with S if
its current domain (the set of squares containing monomers)
is equal to V'(S).

The constructible structures are specially designed to
have the following two properties: (a) they can approximate
any given shape; and (b) it is easy to construct the proteins
with native folds compatible with the structures. The sec-
ond property can be formalized as follows:

Theorem 1. For every constructible structure S, there ex-
ists a protein p(S) which has a native fold compatible with
S. Furthermore, this fold is saturated.
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Figure 2. A native conformation of protein
p(S(y) = 010010010010 filling the starting tile.

Due to space limitations we will omit the formal proof
of the theorem. However, in the remaining part of the pa-
per we will often refer to the protein p(.S) associated with a
constructible structure S. Informally, p(S) can be obtained
in the following way: Fill four central squares of every tile
with 1 and the remaining squares with 0 monomers. There is
a unique way of connecting squares of S with a cyclic path.
By disconnecting this path between B and E of the starting
tile (cf. Figure 1(a)) we obtain a conformation ¢(S) com-
patible with S. Reading contents of squares along the path
¢(S) gives the protein sequence p(S), cf. Figure 1(c).

Our goal is to show that p(S) is stable. However, this
seems extremely difficult; here we show the result for par-
ticular special cases. The following local properties of the
proteins p(.S) can easily be seen.

Observation 2. For any constructible structure .S, the pro-
tein p(.9) satisfies the following properties:

e p(S) € 0{0,1}*0, and
e p(S) does not contain any of 11, 000, 1010101 and
100100100100 = (100)* as a substring.

2.3. Our results

We believe that for all constructible structures .S, p(S) is
stable:

Conjecture 1. For any constructible structure S, the pro-
tein p(.S) is stable.

It is easy to prove that the conjecture is true for the con-
structible structure with the empty tiling sequence ().

Claim 1. The protein p = p(S(y) = 010010010010 is sta-
ble.

Proof. Since the conformation depicted in Figure 2 is a na-
tive conformation for p, by Observation 1, for any native
conformation ¢’ for p, the 1-squares form a single 1-cycle
of length 4. Now, it is easy to check that there is only one
possibility for placing the 0’s of the protein in the fold, so p
is stable. |

An extensive computer search shows the conjecture is
satisfied for over 15, 000 constructible structures including

=Y 1
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Figure 3. lllustration of: (a) a linear con-
structible structure; (b) a slowly bending con-
structible structure; (c) a spiral constructible
structure.

all structures composed of up to 8 tiles. To tackle this con-
jecture, we first consider a broad subclass, the linear con-
structible structures.

Definition 6 (Linear structures). We say that a con-
structible structure S is linear if it is constructed such that
every regular tile is attached to the ligand of the last placed
tile.

Note that a linear constructible structure of length n can
be described by a linear tiling sequence in {1, 2, 3}™ where
the number 1 in this tiling sequence means “turn right”,
2 means “continue straight” and 3 means “turn left” when
traveling along the linear chain of tiles. Note that 1, 1 (resp.
3,3) can be a subsequence of a linear tiling sequence de-
scribing a constructible structure only if it is the prefix of
the sequence. An example of a linear constructible struc-
ture with the linear tiling sequence

(3,1,3,1,3,1,3,1,2,1,2,1,3,
1,3,1,3,2,3,2,3,1,3,1,2,1,2)

is depicted in Figure 3(a).

Since, for any linear constructible structure S, the pro-
tein p(S) contains exactly one substring 1001001001 cor-
responding to “the turning point”, i.e., the last added reg-
ular tile, we believe that it should be easier to identify the
last tile in the fold of p(S) and continue backwards show-
ing that the conformation ¢(S) is the only possibility for

p(9).
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Clearly if Conjecture 1 holds then it also holds for all lin-
ear constructible structures. Let us factorize the class of lin-
ear constructible structures by the number of “bends”, i.e.,
the number of 1’s and 3’s in the sequence:

Lo, ={Sr:T =20 1,2" ... t, 1,2 t,,
where t1,...,tp—1 € {1,3} and
St is constructible} .

A structure in £, is called £,,-structure. Our main result
is that the conjecture holds for £y and £; (proved in the
next section). We believe that our proof techniques form the
basis for proving the conjecture for all linear constructible
structures.

3. Classes Ly and £,

In this section we will first prove the conjecture for all
Lo-structures, and then we extend this result to all £;-
structures.

3.1. Ly-structures

Let us first characterize all Ly-structures. For any inte-
gern > 1, a constructible structure with the linear tiling se-
quence (2,2, ...,2)is a Ly-structure, and is denoted by .S,.

n—1
Observe that a constructible structure S is a Lg-structure if
and only if p(.S) does not contain 10101 as a substring, and
if and only if p(S) contains exactly two occurrences of the
substring 1001001. This observation will help us to prove
stability of Lo-structures.

The main result of this subsection is:

Theorem 2. For every n > 1, the protein
p(S,) = 0(10010)"(01001)™0 is stable. Consequently,
for every structure S in Ly, the protein p(S) is sta-
ble.

Consider a native fold F' of p(S,,). By Theorem 1, it is
saturated. To prove Theorem 2 it is enough to show that 2
must be the fold of p(.S,,) with respect to ¢(Sy,). Let us start
by observing simple properties of F.

Observation 3. Letp € 0{0, 1}*0 be a protein not contain-
ing 11 and 000 as a substring. Then every saturated fold of
p has the following properties:

(a) every 1-square has two 1-squares and two 0-squares
as neighbors;

(b) every 0-square has at least one adjacent 1-square;

(c) an adjacent 1-square and 0-square are c-connected
where ¢ is a conformation of the fold; and

(d) adjacent 1-squares are connected by a bond.

In particular, the above properties are satisfied for any pro-
tein p(.S) where S is a constructible structure.

ST a—b= B,
[m]
a+b=A; al
[ b A
_b=RB a+0b= Ay
a 1 EF**‘E‘
(a)
T E
it I ¥
(b)

Figure 4. An illustration of (a) a diagonal
frame R(A,, Az, B, Ba), the black squares de-
pict boundary squares; (b) a core.

Next, we will enclose all 1-squares of the fold in a rect-
angular region.

Definition 7 (Diagonal frame). Let A; < Ay, By < B
be integer constants. The diagonal rectangle
R(A1, Ay, By, Bs) is the set of squares [a,b] which sat-
isfy the inequalities A; < a+b < Az and By < a—b < Bs.
The SW-border line, NE-border line, NW-border line and
SE-border line of the rectangle R(A;, A2, By, Bs) are the
sets of squares {[a,b]; a +b = A1}, {[a,b]; a + b= Az},
{[a,b]; a — b = B;1} and {[a,b]; a — b = Bs}, respec-
tively.

Let F be a fold containing at least one 1-square. The di-
agonal frame of the fold F' is the smallest diagonal rectan-
gle R(A;, As, B, By) containing all 1-squares of the fold
F, cf. Figure 4(a).

Consider one border line of the diagonal frame of the
fold E', say a+ b = As. This divides the grid into two parts,
the inner part a + b < Ay and the outer part a + b > As.
The squares of the outer part are either empty or O-squares.
Since, by Observation 3(b), at least one neighbor of a 0-
square must be a 1-square, among the squares of the outer
part, the 0-squares can appear only on the diagonal line next
to the border line of the frame, i.e.,ona +b = As + 1.

A 1-square lying on a border line is called a boundary
square. We will show that each boundary square lies on a 1-
cycle of length 4. Such 1-cycles will be called cores. More
formally:

Definition 8 (Cores). Consider a fold with respect to a con-
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formation c. A core is a 1-cycle of length 4 such that every
1-square of the 1-cycle is c-connected to two 0-squares, cf.
Figure 4(b). If the northern (resp. eastern, southern, west-
ern) 0-squares of a core, marked with N(resp. E, S, W),
are c-connected, we say that the core is N-closed (resp. E-
closed, S-closed, W-closed). If, for instance, a core is N-
closed and E-closed, we say that it is NE-closed.

The main square of a NE-closed (resp. SE-closed, SW-
closed, NW-closed) core is the northeast (resp. southeast,
southwest, northwest) 1-square of the core. A core closed
from two adjacent sides is called a corner-closed core, and
a core closed from three sides is called a completely-closed
core.

Let B be the set of all boundary squares. In general the
cardinality of 5 is at least three if the fold contains at least
three 1-squares. However, for the folds which we are inter-
ested in, we have a slightly better bound.

Observation 4. Letp € 0{0, 1}*0 be a protein not contain-
ing 11 and 000 as a substring. For any saturated fold of p
we have that each boundary square lies on exactly one bor-
der line. Hence, the number of boundary squares is at least
4, and there are at least two boundary squares which are
not adjacent to a terminal.

Proof. Assume, that a boundary square s lies on two border
lines. For instance, on the NE-border line and the SE-border
line. Since it lies on NE-border line, its northern and eastern
neighbors cannot be 1-squares, and since it also lies on the
SE-border line, its southern neighbor cannot be a 1-square
as well. Then, at most one neighbor of s can be a 1-square
which contradicts Observation 3(a). The first part of the ob-
servation follows.

Since each border line contains at least one boundary
square, the cardinality of the set 3 is at least 4. Since both
terminals are O-squares, by Observation 3(c), they can be
adjacent to at most one 1-square. Hence, there are at most
two of boundary squares adjacent to terminals. O

The above observation guarantees the existence of
boundary squares not adjacent to either of the two termi-
nals. The following lemma shows why such squares are
very useful for our purposes.

Lemma 1. Let p € 0{0,1}*0 be a protein not contain-
ing 11, 000 and 10101 as a substring. For every saturated
fold of p and every X € {NE, SE, SW, NW}, each bound-
ary square s lying on the X-border line not adjacent to a
terminal lying outside of the diagonal frame of the fold is
the main square of a X -closed core.

Proof. Let ¢ be the conformation of the fold. Without loss
of generality, assume that s = [0, 0] and that it lies on the
NE-border line. By Observation 3(a), out of four neighbors
of s two are l-squares and two are 0-squares. But since

2 2 2
1 |om 1 |oHo 1 |
0] ‘m{Blo 0 | O 0] [m{BHg
-1 u[O -1 omimO -1 |Oomimo
9 -2| |Oolo -2 i
22101 2 -2-10'1°2 -2-101 2
(a) (b) (c)
1 |or 1 |3 2| [0
0 [mieg 0 [m{eg 1m0
-1 O -1 (OO 0 e
-2 Clmlm 2 Oleeo -1 [OleiEo
-3 -3 [ 2 [
210123 210123 2-10'1 2
(d) (e) ()

Figure 5. The situation around the boundary
square s = [0,0] (marked with a white dot)
which is at distance at least: (a-c) 2 from any
terminal; (d—f) 4 from any terminal.

the outer part a« + b > Ay cannot contain any l-square,
the eastern neighbor [1, 0] and northern neighbor [0, 1] are
0-squares, while the neighbors [—1,0] and [0, —1] are 1-
squares. By the assumption of the lemma, none of the neigh-
bors of s is a terminal, hence the squares [1,0] and [0, 1] are
both é-connected to non-empty squares other than s. Those
must be the squares [1, —1] and [—1, 1], respectively, since
all other adjacent squares are too far from the border line.
We have the situation depicted in Figure 5(a).

Now we will consider three cases depending on squares
[1, —1] and [—1, 1], depicted as empty circles in Figure 5(a).

Case 1. They both are 0-squares. If the square [—1, —1] is
also a 0-square then, by Observation 3(c), the fold F would
contain a closed ¢-path which is not possible. Hence, as-
sume that [—1, —1] is a 1-square, cf. Figure 5(b). By Ob-
servation 3(c), the squares [—2,0], [-2,—1], [-1, —2] and
[0, —2] are all 0-squares. We are done: the square s is the
main square of a NE-closed core.

Case 2. One of the squares is a 1-square and the other is a
0-square. Without loss of generality assume that [1, —1] is
a 1-square and [—1, 1] is a 0-square. Since two neighbors
of [0, —1] are 1-squares, by Observation 3(a), the remaining
two neighbors, [—1, —1] and [0, —2], are O-squares. Simi-
larly, by Observation 3(a) applied on the 1-square [1, —1]
and the fact that the outer part a + b > Ay cannot contain
1-squares, we have that [2, —1] is a 0-square, and [1, —2] is
a 1-square, cf. Figure 5(c). This yields a contradiction, as

([_17 0]7 [_15 _1]7 [07 _1]5 [Oa _2]7 [17 _2])

conforms to 10101.
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Case 3. They both are 1-squares. We have again an occur-
rence of the substring 10101 starting at [—1, 1] and ending
at [1, —1] in the fold, a contradiction. O

Coroallary 1. Consider a native fold of the protein p(S,,),
n > 1. A boundary square s lying on the X -border line not
adjacent to a terminal lying outside of the diagonal frame
of the fold is the main square of a X -closed core, for every
X € {NE, SE, SW,NW}.

Proof. By Theorem 1, p(S,,) has a saturated fold, and
hence, by Observation 1, any native fold is also saturated.
Furthermore, by Observation 2, it is enough to notice that
the string p(S,) = 0(10010)™(01001)™0 does not contain
10101 as a substring. |

Now, we are ready to prove Theorem 2.

Proof of Theorem 2. We will prove, by induction on n, that
every saturated fold of p(S,,) is the fold Fj,g, ) c(s,) (re-
call Definition 1). The base case n = 1 of the induction fol-
lows by Claim 1. Hence, take an n > 1. Let ¢ be a na-
tive conformation for p(S,) and F' be the saturated fold
of p(S,,) with respect to ¢. Our goal is to identify the sub-
string 1001001001 of the protein p(S,,) in F' and show that
it folds as a completely-closed core. Then, if we cut out
this completely-closed core from F', we obtain a saturated
fold F' of the protein p(S,—1). By the induction hypoth-
esis, [ = Fp(s,_),c(S,_,)- If we attach the completely-
closed core to the fold F” back to its original place, we can
easily observe that F' = Fy(s,),¢(80)-

Hence, it suffices to find a completely-closed core in
F'. Take two boundary squares not adjacent to any termi-
nal (their existence is guaranteed by Observation 4). By
Corollary 1, such squares are main squares of their corner-
closed cores. Hence, each of the two boundary squares is a
1-square corresponding to the underlined 1 in a substring
1001001 of the protein. There are only two occurrences
of this substring in p(S,,). Therefore, the two boundary 1-
squares correspond to the underlined 1’s in the substring
1001001001 of the protein, and they are main squares of
the same core. Obviously, such a core has to be completely-
closed. |

3.2. Lq-structures

In this subsection we further extend the result of Theo-
rem 2 for the second class of linear constructible structures.
Consider the following set of constructible structures:

For any pair of integers n > 1 and m > 0, let

Ly,,m be a linear constructible structure with the

linear tiling sequence (2,2,...,2,3,2,2,...,2).
——

n—1 m

ElE

B ]

(a) (b)

Figure 6. An example of two £;-structures (a)
L172 and (b) L471.

Observe that if we prove that for all n,m > 1, the
proteins p(Ly, .,) are stable, then by symmetry — the re-
verse image of a protein p(L,, ,,) is a protein p(S) where S
is a constructible structure with the linear tiling sequence
(2,2,...,2,1,2,2,...,2) — we have that Conjecture 1
—_———— ————

n—1 m
holds for all £;-structures.

Note also that a degenerated structure L, ¢ is actually the
Lo-structure S,,. It will be used as a base case of the induc-
tion in the proof of stability of proteins p(L, ). Figure 6
shows an illustrations of £-structures Ly 2 and Ly 1.

Observe that a constructible structure S is a £ -structure
if and only if p(S) contains exactly one occurrence of the
substring 10101, and if and only if p(S) contains exactly
three occurrences of the substring 1001001. This observa-
tion will help us to prove stability of Lo-structures. As for
Lo-structures, this observation will help us to show that
Conjecture 1 also holds for £;-structures. The proof in-
volves a lengthy case analysis.

Theorem 3. For every n > 1 and m > 0, the protein

P(Ln.m) =0(10010)"010(10010)"
(01001)™01(01001)" 10

is stable. Consequently, for every constructible structure S
in £y, the protein p(S) compatible with S is stable.

Due to space limitations we will omit the rather difficult
proof of Theorem 3.

Conclusions

We have proven Conjecture 1 for a number of basic con-
structible structures. We believe that our results can be gen-
eralized to prove at least the following relaxation of Con-
jecture 1:

Conjecture 2 (Linear structures). For any linear con-
structible structure S, the protein p(.9) is stable.

Other interesting problems along these lines are:
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