L ocating All Tandem Repeat Familiesin a Sequence
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Abstract. We present a new data structure called
the Bscp (block sorted common prefix), and its tree
representation, called the Bscp tree. We also
introduce the notion of PTR family — a biologically
motivated description and representation of the
tandem repetitions in a sequence. The PTR family
implicitly encodes each distinct primitive tandem
repeat in the sequence asits part. Based on the Bscp
tree, we describe a method to locate all the primitive
tandem repeat familiesin an input sequence T. The
proposed method requires average space and time

complexity in O(u), where u =T|.

1. Introduction
Repetition  structures  represent an  important
characteristic of genomic sequences. Although the
precise biological function of these repetition structures
is still a topic of intensive debate, it is, however, well
known that the redundancy due to the repetition
structures provides some form of sability for the
genome. Tandem repeats in particular play a major role
in various regulation mechanisms in the genome, such
as in protein binding [Richards93hys]. They have also
been linked with different recombination hot spots
[Majewski20000]. Repetition structures have been
implicated in various diseases and genetic disorders.
For instance, the triplet repeats (CTG),/(CAG), have
been associated with the Hutington’s disease, while the
hairpins formed in (CGG),/(CCG), repeats have been
linked to the Fragile-X mental retardation syndrome
[Bat97ka]. Sinden et a [Sniden2002popls] identified
fourteen of such genetic diseases that are linked with
triplet repeats. An important observation for
computational analysis of such repetition structures is
that, in every single case listed, the susceptibility to (or
incidence of) the disease critically depends on the
number of copies (i.e. the copy exponents in the
repeat), and how many times the triple repeat occurs
with a given exponent.

In this work, we introduce a novel data
structure called the block sorted common prefix, BSCP.
The BscP provides a compact and complete
representation of the information in the scp data

BSCP, we can address various important questions about
tandem repeats in a simple manner. For instance, the
number of distinct tandem repeats in a sequence (i.e. the
size of the tandem repeat vocabulary) [Stoye2002g]; the
number of different copy exponents for each distinct
primitive tandem repeat [Kolpakov99k]; the number of
occurrence of the tandem repeat with each given copy
exponent; the shortest tandem repeat that begins at each
position in the sequence [K osargju94], etc.

We also introduce the notion of primitive tandem
repeat family, (PTR family, for short). For a given
primitive tandem repeat (PTR), the PTR family is a set
with one entry for each different copy exponent of the
PTR. Each entry in the PTR family includes the copy
exponent, the number of times each copy exponent
occurred in the sequence, and the position of the first
occurrence with respect to the sorted suffixes. Members
of a PTR family will all share the same base primitive
sequence. Thus, for each PTR, we can have at most one
family. Using the BscP data structure, we develop alinear
time algorithm to identify all the distinct tandem repeats,
and their respective PTR families. Although we can find
the distinct PTRs and their families in O(u) time, where u
= length of the input sequence, reporting all the

Nowe = zmnm occurrences of the tandem repeats will

still require an O(ulogu)time, since it is known that
M oce :O(ulog u) [CrochemoreB81, Apostolico83p]. Here,
nz,= number of occurrence of PTR S with copy

exponent |.

Compared with previous work in this area, our
work is more closely related to methods that are based on
suffix trees [Apostolico83p, Gusfield97, Stoye98g,
Stoye2002g], or suffix arrays [Frankel2002st]. Stoye and
Gusfield focused on syntactically distinct primitive
tandem repeats, or essentialy on determining the
vocabulary of primitive tandem repeats. For each PTR,
there is one entry in the PTR vocabulary, independent of
the number of the copy exponents, or the number of
distinct exponents. For some biological problems
however, just the vocabulary of repeats is not enough.
Examples here include in studying the role of tandem
repeats in certain genetic diseases such as Huntington's

structure described in [Adjeroh2003f]. Based on the  disease, or Fragile X mental syndrome [Bat97ka,
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Sinden2002popls], or in studying individual variability
in genetic profiling [Jefreys85wt, Nakamura87etal]. In
such environments, the specific copy exponents for the
PTRs, and the number of such copy exponents are
critical parameters for consideration. Various software
tools have also been developed for the analysis of
different forms of repetitions in a genomic sequence.
For examples see [Kolpakov2003bk, Benson94w,
Volfonsky2001hs, Lefebvre2003Ida).

In the next section, we give a brief description
of the SCP data structure, and some of its properties.
This motivates the proposed block scp data structure,
and its construction, as described in Section 3. Section
4 presents the BSCP tree, and a method for locating
distinct primitive tandem repeats (PTRs) and their
respective families using the BScp tree. Section 5 gives
abrief complexity analysis for our method. The paper is
concluded in Section 6.

2. The SCP Data Structure
Let T be an input sequence of length u=|T|. Suppose

we pre-compute the longest-common-prefix (LCP)
between all pairs of the sorted suffixes from a
sequence, T. Using the relationship between the BWT
[Burrows94w] and the suffix tree, in addition to the
auxiliary arrays previously described in
[Adjeroh2002zmpb, Bell2002pbma], we can obtain
theses sorted suffixes directly from the compressed
sequence. We store this information in a table. Since
the table is based on the sorted suffixes, we call this the
sorted common prefix (scp). Although the scp and
traditional LCP store the same basic information, the
structure of the scp is completely different. Also, the
sorted nature of the suffixes for the scp will have
implications in the computation of this table, and its
diverse uses. Given the i-th and j-th sorted suffixes,
(SS and SS; respectively), if SCP(i,j)=k, it means that
the first k positions in the i-th suffix and the j-th suffix
ae exact matches (i.e. SS[1.k]=SS;[1.k], and

S5 [k+1] #SS;[k+1]). The SCP is the starting point
for our approach.

2.1 Nature of the SCP Data Structure

An example scp table for a short sequence is given in
Fig. 2. The scp provides a cluster of similar areasin the
sequence. Compared with the LCP, the structural nature
of the scp provides more explicit information about the
nature of the origina sequence. More importantly, this
structure can be used in efficient applications of the
scp, and its construction. We observe the following
properties from the scp structure. Let i,j,k, be indices
for the sorted suffixes, such that i<j, and j<k. Then,
XCP(i, j SCP(i, k), Ok > j . Further,
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if SCP(i, j) =0 and SCP(i,k) =0,
then [k > j, SCP(j,k)=0.

More generally, let x = SCP(i, k) .
Then Ok > j, SCP(j,k) = SCP(i,k)
+SCP(SS, [ +1,...,u], SS,[x+1,...,u])

:x+SCP(S§[X+1...,U],S'Sk[x+],...,u]).

The scp is symmetric: scP(j,K)= scr(k,j). It is also usually
sparse, athough not always. Example, with T = AAAAA
will have a full scp table, where the row entries are of the
foorm1111;222;33;4.

2.2 Computing the SCP

The computation of the scp is performed based on some
auxiliary data structures from the output of the Burrows
Wheeler Transform, BWT [Burrows94w]. In order to
provide some form of random access to the transformed
BWT output, we introduced auxiliary transformation
vectors [Adjeroh2002mpbz, Bell2002pbma]. Define an
array Hr computed from the BWT V array by the
following algorithm: x:=id; for i:=1 to u do
{x:=V[X];Hr[u+1-i]:=x}. Given the arrays F and Hr, the
origina text can be retrieved by applying the inverse
transformation  T[i]= F[Hr[i]],1<i<U. Another
auxiliary array used is Hrs, defined as the inverse of Hr.
That is, T[Hrdi]] =F[i]=F[Hr[Hrdi]]]. As an
example, with T=ACTAGA, L=GATAAC, id=2,
F=AAACGT,V=[516234], Hr=[246 35 1] and
Hrs=[6 1 4 2 5 3]. These auxiliary data structures can be
computed in O(u) time, from the BWT output
[Adjeroh2002zmpb, Bell2002pbma]. In [Adjeroh2003f],
three algorithms were proposed to compute the scp, based
on the auxiliary arrays. With the last algorithm, given a
string T =tt,...t,, and an equi-probable symbol alphabet
2, the table of sorted common prefixes (ScP) can be
computed using O(u +|Z|Kmax) number of comparisons

on average, and O(u|Z|) worst case, with an extra space in

O(K rnax) on average, and O(u) worst case, where K

is the maximum scp value. Thus, for a fixed 2, the scp
can be computed using an O(u) number of comparisons.

3. TheBlock SCP
When the objective is to find tandem repeats, we can
construct a more simplified structure caled the Block
Sorted Common Prefix, (Bscp for short). This is
motivated by the nature of the scp. Unlike the scp table,
the Bscp stores only one value for blocks of suffixesin the
SCP. Thus, to represent the Bscp, all we need is an
indication of the starting and ending sorted suffixes for
the block, and the scp value at the block (i.e. the length of
the common prefix for the suffixes in the block.
Alternatively, we can store the position of the first
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mismatch for the suffixes). An example BSCP table is
given in Fig. 1. The major advantage here is that the
storage for the BscP is much more reduced when
compared with the storage requirement for the scrp.
Also, the Bscp could be potentially faster to build than
the complete scp table. We observe that, athough the
BSCP is motivated by the scp structure, we do not need
to construct the scp before we construct the Bscp. The
BSCP can be obtained directly from the F-array, using
the auxiliary arrays used to construct the scp table.

3.1 Properties of the Bscp

We describe some important properties of the Bscp in
the form of two lemmas, without proofs. Let the
mismatch point m split the scp table into two regions:
top region with sorted suffix indicesin the range [s ml,
and bottom region with indices in the range [m+1, €] in
F. Here, sisthe index to the starting suffix, and eisthe
index to the ending sorted suffix. That is, mis the index
of the median suffix SS., in the block, where we

define the median as follows:
med =m=min st. SCP(i,b) > SCP(s,b) [i,s<i<b.

In general, the i-th sorted suffix is obtained from the
auxiliary arrays as follows;

_ FIHr[Hrdi]]] e F[Hr[Hrdi] +1] -
~ EF[H{Hrei]+ 2]]o - o F[Hr[u]] E

where “o” is the concatenation operation. Hence, the

median suffix will be given by

CF[HrHrgm]] o
s = g[Hr[Hrs[mmno---o F[Hr[u]]%

Lemma 1: Median Suffix. Let axb denote
atb or a-b. Let the median suffix SS,, (i.e. mismatch

point m) split the SCP table into two regions. top
region with sorted suffix indices in the range [s m], and
bottom region with indices in the range [m+1, €] in F.
Let 5 Dbe the longest common prefix between SS, and
SS,. That is, |8/ = SCP(s,€) . Then, / is a primitive
tandem repeat with period J=|4| in the original
sequence T, if and only if:

Hr[Hrgdm 1k ZS]10[s,m] O

Hr[Hrdmk é]10[m+1,€].
Suppose the original sequence contains distinct
primitive tandem repeats (PTR) with different repesting
patterns, and each PTR can occur multiple times in the
sequence, at potentialy different locations. A primitive
tandem repeat could be a prefix of another primitive
tandem repeat. Then, by the sorted nature of the SCP
data structure, the different copies of each different

tandem repeat will cluster in different regions of the
SCP table. This is based on the fact that each PTR
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partitions the SCP table into blocks. This motivates the
following lemma:

Lemma 2: Uniqueness of the BSCP. Given the
BSCP table for an input sequence T, each scp block has a
potential to identify at most one unique PTRin T.

The above implies that some scp blocks may not
necessarily correspond to any PTR in the sequence.
Hence, the number of blocks in the BSCP can be no less
than the number of distinct primitive tandem repeats. The
lemma also guarantees that we can find all the primitive
tandem repeats using the Bscp block structure.

4. TheBscpTree
An immediate observation on BscP is that we can
represent the information in the Bscp table in a tree
structure. Here, each block in the table will form one node
in the tree. We call this the Bscp tree. Essentidly, the
BSCP tree is a binary tree, whereby the root node is the
common prefix shared by all the suffixes in the set. For
each o-partition (o 0X), we construct a BSCP tree, A, .

By combining the individual trees from each o-partition,
we can build A, the Bscptree for the entire sequence, T.

Fig. 2 is a complete example, showing the scp table, Bscp
table, and BscP tree for a sample sequence.

4.1 The PTR Family

For a given distinct primitive tandem repeat (PTR), the
PTR can occur at various locations in the sequence T, and
with different copy exponents. For each distinct PTRin T,
we define the PTR family as the set of occurrences of the
PTR with distinct copy exponents. For each PTR, 5 the
PTR family contains one entry for each occurrence of £

with a different exponent I; 77,5, the number of times f

occurred with this exponent; and t,, the position of the
first occurrence of £ with the given exponent I. (Here,
position is with respect to the F array). That is, members
of agiven PTR family all share the same base primitive,
£ . The notion of PTR family is motivated by problems
in biology, such as analysis of susceptibility to certain
genetic diseases, where the occurrence of a tandem repeat
with a particular exponent, or how many times a PTR
occurs with a given exponent is critical in analyzing the
biological sequence.

Let n, -~ n, - n; - --- - n_ denote a sub-path

in the Bscp tree A, such that, n, is the node with the
PTR £ (and hence lowest copy exponent), n, is the
node with the next lowest copy exponent, etc., while n is

the node with the maximum copy exponent. For a given
PTR family, with base string £, we call this sub-path its

family-path. The following establishes the uniqueness of
the PTR family-path.
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Lemma 3: Uniqueness of the family-path.
Given the Bscptree Ay, the PTR families partition Ay,
such that for each PTR family, there is a sub-path in
/\T (called family-path) that is shared by only members

of the family. No two PTR families share the same
family-path.

For a given family-path, starting from the first
node, n,, al the subsequent nodes will be either left-

left nodes, or right-right nodes. That is, after identifying
the first node n,in the family path, if n, is the left

child of n,, then n, must be aleft child of n,, n, must
be aleft child of n,, etc. Thisis dueto the sorted nature

of the suffixes used to construct the BSCP data structure.
We exploit this left-left or right-right property of the
BSCP tree in locating members of a PTR family, after
the base PTR has been found. It also provides an
avenue for a faster search for the distinct primitive
tandem repeats.

4.2. Locating PTRswith the Bscp Data Structure.
Given the BscP data structure, we can locate tandem
repeats by simply traversing the Bscp tree, and then
checking if the conditions for tandem repeats are met
by the common prefix stored at each node in the tree
(Lemma 1). When we identify a common prefix that
represents a primitive tandem repeat, we then determine
the end point of the family path for the tandem repeats
that belong to the same family as the current PTR. By
doing this, we implicitly identify all the repetition
exponents for the PTR, and the number of times the
PTR appeared with each copy exponent. Based on the
uniqueness lemma above, these copy exponents will all
lie aong the family-path. Using simple array
indirections, we determine the location of the first
occurrence (with respect to the F-array) of each copy
exponent in the original sequence T. For PTRs that
occurred with only two copies in the entire sequence,
we use a special condition to identify them.

5. Complexity Analysis
Here, we state the space and time complexity of the
approach described. With the Bscp structure, the
analysis is simple, and some of the complexity results
are straightforward. We provide pointers to the proofs,
and omit detailed descriptions for brevity. A casual
look at Fig.l or Fig.2 shows that, on average, the
number of blocks in the BSCP table (or number of
nodes in the BSCP tree) will be linear with respect to
the size of the input sequence.

Lemma 4. Given the F, Hr and Hrs arrays for
an input sequence T, the time required to construct the
BSCP data structure (i.e. BSCP table) isin O(u), where u
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is the size of the original sequence. The space
requirement for the BSCP data structureisin O(u).

The time required to construct the Bscp table can
be split into two parts — time needed for “horizontal
matching” to determine the scp values, and time needed
for “vertical matching” to determine the median suffix
(or the split point) using binary search at the current
horizontal mismatch point. For the first part, the time
required is in O(u), since a maximum of u horizontal
comparisons will be made. For the second part, at each
recursion step, a smaller vertical block is considered, and
the search for the median block is performed on this
smaller block using binary search. It can be shown that,
for each o-partition, the total number of comparisons
performed by this recursive procedure cannot be greater

than: c(v) =logv +2Iog%+4|og%+...+2i I0g2—vi,

where i =logv—1, and v= is the size of the -

B
partition, on average. Thus, c(v) =2v-logv—-2. Or,
c(v) =0O(v) = O%) The space complexity follows easily

since we have O(u) entriesin the table.

Theorem 1. Given the F, Hr and Hrs arrays for
an input sequence T, the time required to construct the
BSCP tree A; isin O(u), where u isthe size of the original

sequence. The space requirement for the BSCP tree is in
O(u).

We can either construct the Bscp tree by first
constructing the Bscp table, or directly from the F and
auxiliary arrays. Given the Bscp table, we see that at each
node in the BscP tree, the only work that is required is to
provide pointers to the left and right nodes, and to insert
the scp value, the current node index number, and the
start and end suffixes that define the block. We do this
recursively at each node, until we have considered al the
nodes in the tree. Since the total number of nodes in the
BSCP is linear with respect to the length of the sequence,
the theorem follows.

Theorem 2. Given the Bscp tree A; for an input

sequence T, we can locate all the PTRs and the PTR
familiesin T in O(u) time and O(u) space.

Using the Bscp tree to locate PTRs basically
involves traversing the tree. The processing at each node
during this traversal simply implements the conditions for
PTRs using the BscP table. Thus the correctness of the
approach is based on Lemma 1 — on the median suffix.
The proof of the complexity bounds is based on the
uniqueness lemmas (Lemma 2 and Lemma 3), and the
fact that the BSCP tree can contain at most u nodes for a u-
length sequence. To search for tandem repeats, we do not
need to process all the nodes in the tree. For the nodes
that need to be processed, we need to process them at
most once. The processing at each node requires a
constant time — basicaly a constant number of
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comparisons using the bounds on the block suffixes —
i.e. the starting and ending sorted suffixes. After
constructing the Bscp tree, we do not need any extra
space to find the tandem repeats, beyond those required
for the auxiliary arrays.

6. Conclusion

In this paper, we introduce a novel data structure, called
the BscP, which can be constructed in O(u) time and
space, where u is the length of the input sequence. We
also introduce the notion of PTR family — a biologically
motivated description and representation of the tandem
repetitions in a sequence. Based on the BSCP tree, we
present an agorithm to locate all the primitive tandem
repeats (PTR), and the PTR family for each primitive
tandem repeat in an input sequence T. The algorithm
requires O(u) time and space on average. Our methods
are based on the auxiliary arrays produced during the
encoding and decoding stages of the Burrows Wheeler
Transform.
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Fig.1: Schematic diagram for BSCP and BSCP Tree: (a) sorted sulfixes, (b) the BSCP table, (c) the BSCP Tree.

Suffix Arrays SCP Table
1 ababababsababsabatablabababtataby 2l 3ld4lsfejv1ajojqod11 012113114
2 abababsababsabababtabababtabaky T 1e|6) e j4l41414(d4)2)2f{2f{2]2
3 abababtabababtabakw 2 Gl G 44414422 ]|2]2]|2
4 abababtabakby 3 1114 ]4(4)4j41212]12]12]2
5 ababsabababtabababtababy 4 4414144121212 2]2
] ababsababsabababtabababtabakby 5 al41414jz2y1z2f{2])12|2
T ababtabababtabaky | G 414(412]2(2]2]2
8 ababtababy 7 djajzjz(z2l{z2(2
g akaby 5] 41zy12)1212]2
10  absabababtabababtababw a 21212122
11 absababsabababtabababtababw 10 7Tl2]12[2
12  ablabababtababy 11 2l 212
13 abtababw 12 7|2
14 abv 13 2
{a) (k) l
BSCP Tree ESCP Table
<2,1,14,1> 23l 4 |s|e|7]elafto]11]12|[13] 14
‘/\‘ 1 l& :
2 4
<4192 <2,10,14,3= 5 [
/\ /\ 4
5 El 2
<6, 144> <4385 27101111 <2,12,14,12-4mm| § 4
7 [
4
ST e <0 56,5 . ; - a
<, 1,26 ' w4 7o00=- <7 .1213.13=
134T ::3 L] 2
/ 12 |7-‘ .
R 13 ‘
<0, 7.8, 10 =
() (c)

Fig. 2. (a) Suffix arrays, (b) SCP table, (c) BSCP table, and (d) BSCP tree for a sample segquence
T=ababababsababsabababtabababtababv. In (c), numbers inside the box represent the block SCP values. In (d)
each nodeisrepresented with the 4-tupple <k, s, e, index> where k isthe block SCP value, sisindex of the starting
sorted suffix, eistheindex of the ending suffix, and index isthe block label.
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